We propose, for the first time to our knowledge, the theoretical investigation of silicon nanocrystals-based sandwiched slot waveguides which are dispersion-engineered for exciting optical solitons inside very short structures (only 1.2 mm long). Several parametric simulations have been performed by means of finite element method in order to individuate the best waveguide crosssections for achieving an anomalous dispersion regime around 1550 nm.
Introduction
In the last few years, silicon has become the ideal platform for integrated optics and optoelectronics due to its broad application potential, going from optical interconnects to biosensing [1] . The quality of commercial silicon wafers driven by microelectronics industry still continues to improve while the cost continues to decrease. Moreover, the compatibility with silicon integrated circuits manufacturing and silicon micro-electromechanical systems (MEMSs) technology is very high, and it represents another important reason for this interest in silicon photonics [2, 3] . Recently, several high-speed electro-optical functionalities have been demonstrated in silicon, such as a 40 Gbit/s modulator based on free-carrier (FC) plasma dispersion effect [4] . However, in order to reach much higher speeds (100 Gbit/s and beyond), the electrical domain should be completely overcome and the information data transfer should be entirely processed in the optical domain (ultrafast alloptical processing). In this sense, a number of research study has been performed in order to exploit the ultrafast third-order nonlinear effects in silicon. As a transmission medium, silicon has much higher nonlinear effects than the commonly used silicon dioxide (i.e., optical fibers), in particular Kerr and Raman effects. Additionally, silicon-oninsulator (SOI) waveguides can confine the optical field to an area that is approximately 100 times smaller than the modal area in a standard single-mode optical fiber. Consequently, it is expected that nonlinear optical effects should occur in these waveguides at lower input powers, similar to those used in optical communications systems. For example, several recent experimental and theoretical studies have been focused for exploiting the stimulated Raman scattering (SRS) in the SOI integrated platform. In fact, the need for active devices in SOI has stimulated an increasing research effort in Raman-based light amplification [5] [6] [7] [8] [9] [10] [11] [12] and generation [13] [14] [15] [16] [17] [18] [19] [20] . Moreover, the ability to generate and utilize large bandwidths using parametric processes is crucial for a large range of photonic applications, including ultrafast signal processing and telecommunications [21] [22] [23] [24] . In addition to the large number of above-mentioned nonlinear applications, another very important nonlinear phenomenon is the formation of optical solitons. Solitons have been observed inside silica fibers, and they have found a large number of applications, ranging from optical switching to supercontinuum generation [25] . Thus, the possibility 2 Advances in OptoElectronics to generate solitons inside SOI waveguides could favour a number of very promising applications for ultrafast optical signal processing and fast soliton telecommunications systems. Recently, solitons have been observed for the first time inside a 5 mm long SOI waveguide by excitation with a 120 fs input Gaussian pulse, aligned as a quasi-TM mode [26] . However, the enhancement of nonlinear effects in siliconbased photonic components is still a key point in order to achieve active and more complex guiding structures. Novel nonlinear materials, such as silicon nanocrystals (Si-nc), can be developed by using conventional CMOS fabrication processes. In particular, this material possesses interesting optical properties, that is, nonlinear Kerr coefficient (n 2 ) one or two orders of magnitude larger than in silicon [27] [28] [29] . In this paper, for the first time to our knowledge, the formation of optical solitons is theoretically demonstrated in appropriately engineered SOI slot waveguides based on Sinc.
In Section 2, a number of parametric simulations based on the finite element method have been carried out to find efficient guidelines for the design of optimal Si-nc slot waveguides able to induce the soliton formation over a millimetre scale length. In addition, some comparisons with standard SOI rib waveguides are shown with the aim to well outline the great potential of Si-nc technology. In Section 3, a semianalytical model is presented in order to investigate the space-time evolution of Gaussian pulses into dispersion engineered Si-nc slot structures for exciting ultrafast optical solitons. We introduce in this section a number of effective physical parameters in order to describe the soliton excitation in a engineering fashion, taking into account the free carrier absorption (FCA) where the free carriers are generated mainly by two photon absorption (TPA) of the input pulse, and self-phase-modulation (SPM) effect as induced by the Kerr nonlinearity. We conjecture that the model used in this work could be a flexible tool for predicting the pulse evolution inside Si-nc slot waveguides with good accuracy, after an a priori setting of previously introduced effective parameters. Moreover, the proposed model represents a useful starting step to develop a more accurate and complete mathematical model, avoiding any a priori assumption. In the final part of this section, a number of simulations are presented to investigate the formation of optical solitons. Finally, Section 4 summarizes the conclusions.
Waveguide Design
In this section, a numerical investigation of group velocity dispersion (GVD) in Si-nc slot waveguides is presented. Only a few papers proposed in the literature have analyzed the optical dispersion properties for highly nonlinear slot waveguides. In particular, in the work proposed in [30] , slot waveguides were designed in order to obtain flat and low dispersion behaviour over a wide wavelength range. To this aim, Si-nc and chalcogenide glass were considered as slot materials, achieving a best case of 0 ± 160 ps/(nm·km) over a 244-nm bandwidth. More recently, a silicon strip/slot hybrid waveguide was proposed [31] for inducing flattened dispersion of 0 ± 16 ps/(nm·km) over a 553-nm wavelength range, that is, 20 times flatter than in previous results. Thus, this kind of waveguide exhibits flattened dispersion in the wavelength range from 1562-nm to 2115-nm, which is potentially useful for both telecom and mid-infrared applications. In spite of these very interesting results [30, 31] , where the requirement was focused over flat and low dispersion, a completely different approach is followed in this section. In fact, a full parametric analysis is presented here in order to design the Si-nc slot waveguides with a desired GVD coefficient. In particular, the goal is to find the design guidelines to optimise the excitation of optical soliton in Si-nc slot waveguides. It is well known as optical solitons result from a critical interplay between simultaneous effects, group-velocity dispersion and self-phase modulation (SPM), when the wavelength of the exciting input optical pulse is placed inside the anomalous dispersion region for the specific guiding structure. The GVD-induced pulse broadening is known to scale with the dispersion length L D = T 2 0 /|β 2 |, where β 2 is the GVD coefficient and T 0 is the pulse width, whereas the SPM-induced chirp scales with the nonlinear length L NL = (γP 0 ) −1 , being γ = 2πn 2 /(λA eff ) the nonlinear parameter, n 2 the Kerr coefficient, and P 0 the peak power of pulses launched at wavelength λ into the fundamental mode with effective mode area A eff . The formation of the fundamental soliton ideally requires
L for a waveguide of length L. The previous relationship indicates that both |β 2 | and γ should be quite large to induce the formation of solitons in short waveguides, with lengths L ≤ 1 cm. To this aim, the horizontal slot waveguide based on Si-nc and sketched in Figure 1 should guarantee an optimization in the soliton formation with respect to standard SOI rib waveguides. In the slot waveguide of Figure 1 , the rib width is W, the slot region filled with Sinc has thickness G, and the bottom and top silicon layers have thickness H 1 and H 2 , respectively. Thus, a number of geometrical parameters can be opportunely selected in order to induce values of |β 2 | inside the structure anomalous dispersion region as large as possible.
In addition, the waveguide in Figure 1 allows an electric field enhancement to be achieved in the slot region, where the Si-nc highly nonlinear material is present. This enhancement of vertical electric field component E y (quasi-TM mode) is given by a factor (n Si /n Si-nc ) 2 ∼ = 4.5, being n Si and n Si-nc the refractive index of silicon and Si-nc layers, respectively Advances in OptoElectronics [27]. This effect is well evident in Figure 2 , where the E y component is shown for a Si-nc slot waveguide operating at λ = 1550 nm with
In order to investigate the influence of Si-nc slot waveguide geometrical parameters on the optical dispersion properties, the following design variable is introduced:
In Figure 3 GVD coefficient spectra are shown for different values of q parameter and slot thickness G. Each curve has been achieved by performing a number of simulations based on full vectorial finite element method (FEM) [32] in the wavelength range 1400-1700 nm, in order to obtain the propagation constant spectra of quasi-TM modes. In all simulations, the Sellmeier equation has been used for index dispersion. The differentiations from above-mentioned spectra lead us to calculate the GVD coefficient. Several features of Figure 3 are noteworthy. For a given value of G, the zero GVD point (ZGVD) shifts towards higher wavelengths with increasing q value. On the contrary, for a given value q, the ZGVD point can be shifted towards smaller wavelengths by decreasing the thickness G of the slot region filled with Si-nc. Moreover, in the wavelength range 1400-1700 nm, the GVD spectrum presents two ZGVD points (i.e., see black curve) for G < 80 nm and q < 1. Therefore, this condition can open the possibility to design flat dispersion waveguides in the anomalous dispersion region. On the contrary, the GVD spectrum has only one ZGVD point in the same wavelength range for q ≥ 1, inducing more and more negative values of β 2 (i.e., red and blue curves). Thus, it seems to be evident how appropriate combinations of G and q can give an optimization of soliton excitation conditions in very short waveguides. To this aim, a number of parametric simulations will be shown to find the best choice of geometrical slot waveguide parameters for generating optical solitons at 1550 nm.
In Figure 4 , the GVD coefficient is shown at λ = 1550 nm as a function of G for different values of q and W. The plots clearly show how β 2 coefficient monotonically decreases or increases as a function of G for q < 1 or q ≥ 1, respectively.
It is worth to note the curve upshift or downshift with increasing W, depending on the specific value of q parameter. For q = 0.5 and q = 1.1, β 2 coefficient for W = 240 nm is shifted towards higher values with respect to the case W = 200 nm. The opposite trend can be observed for q = 0.7. Finally, only two cases can induce anomalous dispersion region: (i) W = 200 nm and q = 0.5 and (ii) W = 200 nm and q = 1.1. The previous comments seem to indicate a nonlinearly predictable trend. In fact, it is clear that q parameter plays a crucial rule in dispersion tailoring. In this sense, GVD coefficient is shown in Figure 5 versus q for different values of G, assuming W = 200 nm and λ = 1550 nm. Thus, this plot could be useful not only for best understanding the before described behavior, but also as a guideline to design the Si-nc slot waveguides characterized by a specific GVD coefficient.
The curves indicate how β 2 coefficient presents a positive peak, whose position is independent from the slot thickness G but only on the rib width W. In fact, maxima points are obtained with q ∼ = 0.68 and q ∼ = 0.79 for W = 200 nm and 180 nm, respectively. Thus, Figure 5 shows a shift towards higher q values with decreasing W. In addition, the positive peak is lower with increasing G for a given W. Moreover, the curve shape presents an absolute minimum having negative or positive values for G = 30, 50 nm and 80 nm, respectively, for W = 200 nm. Thus, for G < 80 nm and W = 200 nm, it is possible to find a range of q values, where anomalous dispersion regime always occurs. It is worth to note that the before-mentioned range decreases with increasing G. Finally, it is important to outline that for a given value G, it is possible to increase the q range, where anomalous dispersion regime occurs by decreasing the rib width and, at the same time, giving larger negative values of β 2 . These unique features evidenced by curves of Figure 5 are of considerable importance. In fact, the previous plots indicate that the optimum value of q must be selected around the minimum point in the β 2 curve shape, by this way achieving large negative values and, then, optimizing the soliton excitation.
Moreover, this kind of choice for q allows an additional positive effect to occur. In fact, choosing q around the minimum point of GVD, the third-order dispersion (TOD) β 3 coefficient will move around the zero point. This circumstance is evident in Figure 6 , where TOD coefficient at λ = 1550 nm is shown as a function of q for different values of G, assuming W = 200 nm.
The condition zero-TOD represents a considerable advantage, since the pulse propagation, and, then, the soliton formation is not influenced by any detrimental effect induced by TOD. Thus, Si-nc slot waveguides offer the possibility to set an appropriate value of q to simultaneously achieve large negative β 2 values as well as negligible β 3 ≈ 0. Therefore, these numerical investigations put into evidence this unique feature, that is, an additional potential of the Si-nc slot waveguides with respect to SOI rib waveguides. To better outline this aspect, we will also show the influence of SOI rib waveguide sizes on GVD coefficients. The attention has been focused on SOI waveguides with small cross-section, since it is also usually needed to have low effective recombination lifetimes, τ eff , so reducing the detrimental effects induced by free carrier absorption (FCA) and two photon absorption (TPA) [12] .
A submicron standard rib SOI structure (G = 0) with rib width W = 400 nm has been also investigated in this work. A parametric plot of GVD coefficient β 2 versus rib total height (H) is sketched in Figure 7 for different values of rib parameter r = H s /H (being H s the slab height) and for quasi-TE and quasi-TM modes, assuming λ = 1550 nm. Figure 7 shows how quasi-TM modes have a GVD coefficient in the anomalous region for each considered value of r, with H ranging from 400 to 900 nm. Quite different is the behavior for quasi-TE modes. In fact, for r = 0.3 and r = 0.15, the GVD coefficient exclusively moves inside normal or anomalous dispersion region, respectively. On the contrary, for 0.15 < r ≤ 0.25 β 2 coefficient overspreads both normal and anomalous region, reaching the zero dispersion condition for H = 749.6 nm and 505.5 nm with r = 0.2 and r = 0.25, respectively. It is worth noting that these ZGVD points move towards larger values of total rib height with decreasing r. As it is evident from the previous plots, the curves do not present any maximum or minimum point. Thus, differently from cases in Figure 5 , it is not possible to select a geometrical parameter to simultaneously achieve large negative GVD and zero TOD. Therefore, it seems clear that the structure for soliton generation in standard SOI rib waveguides could be obtained only choosing a best tradeoff, not optimal, between negative GVD values and reduced TOD effect.
In addition to the before-mentioned potentials, the Si-nc slot waveguides present another very important advantage with respect to standard SOI rib waveguides. In fact, they can also strongly enhance the nonlinear parameter γ as a result of the combination of very small effective mode area (in the slot region) and very large value of Kerr coefficient in Figure 8 , where the nonlinear parameter is plotted as a function of q parameter for different values of G.
The plots show a γ decrease with increasing G, for a fixed value of W. On the contrary, the nonlinear parameter decreases with decreasing W for a given G. In addition, each curve shows a maximum point with a position independent from G and corresponding to q values close to 1.15 and 1.34 for W = 200 nm and 180 nm, respectively. The effective mode area has been evaluated by means of the following relationship:
being F(x, y) the optical mode distribution in the waveguide cross section. For comparison purposes, the characteristics of some standard SOI rib waveguides are summarized in Table 1 in terms of their linear and nonlinear parameters and compared with data in the literature.
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Soliton Theory
The space-time evolution of optical solitons is governed by the pulse propagation equation written for the slowly varying amplitude A(z, t) of the modal electric field E(r, t) traveling along the propagation direction z [12] ∂A ∂z
where α (tot) is the waveguide total loss and β 1 is the inverse of group velocity. In (3), translational invariance along the propagation direction is assumed, thus the variable separation principle is applicable in the form E(x, y, z, t) = C · F(x, y)A(z, t)e jβ0z e − jωt , where β 0 is the propagation constant, ω is the angular frequency of the beam, and C is a normalization constant [11] . The term Δn is the effective index change due to plasma dispersion effect as induced by free carriers in the guiding structure.
The total loss coefficient in (3) is the sum of two contributions, α (tot) = α (prop) + α (FCA) , where α (prop) is the propagation loss coefficient in the Si-nc slot waveguide, depending on the material absorption and fabrication process. Moreover, α (FCA) is the contribution due to FCA, as induced by the change of the free carriers generated mainly by TPA of the input pulse. However, some additional comments are needed about the losses inside the Si-nc slot waveguides. In fact, a correct estimation of the propagation loss can be done by means of the following relationship [33] :
being α Si and α Si-nc the loss coefficients and Γ Si and Γ Si-nc the power fractions in silicon and silicon nano-crystals, respectively,
The term α (FCA) depends on the contributions of FCA effect induced inside the silicon layers (being α 
where N c = ΔN e = ΔN h is the density of electron-hole pairs generated by TPA process inside the silicon layers. The coefficient σ 0 = 1.45 × 10 −17 cm −2 [35] is the FCA crosssection measured at λ = 1550 nm and λ i is the relevant mode wavelength. More difficult is the evaluation of α (FCA) Si-nc . As described in [29] , the pump-induced FCA loss in Si-nc material is related to the excited population of nanocrystals by
where σ Si-nc is the FCA cross-section; that is, 2.6×10 −17 cm −2 [29] . The term N exc is the number of excited nanocrystals. Now, the carrier dynamics inside the silicon nanocrystals can be described by means of a four level system, where N exc represents the population density of the second energy level. The decay lifetimes (τ 1 , τ 3 ) can be estimated as 1 ps for levels 1 and 3 so that these levels are almost always empty. Differently, the lifetime τ 2 estimated for level 2 is 30 μs. However, the model in this section does not allow the rigorous evaluation of N c and N exc , since it does not include the time dynamics of four level energy system related to the nanocrystals. However, the main goal of the equations proposed in this section is to give an engineering estimation of the influence of both TPA and FCA effects on the formation of optical solitons inside Si-nc slot waveguides. Thus, under this point of view, we conjecture to estimate N c and N exc as N c ≈ NΓ Si and N exc ≈ NΓ Si-nc , being N the solution of the following rate equation:
In (8) 
being β TPA Si = 0.5 cm/GW [35] and β TPA Si-nc = 5 cm/GW [28] for silicon and Si-nc layers, respectively.
In conclusion, (3)- (9) lead to numerically investigate the formation of optical solitons inside Si-nc slot waveguides through a semi-analytical model. Hereinafter, normalized variables are used, as U(z, t) = A(z, t)/ P 0 and τ = (t − z · β 1 )/T 0 , where P 0 is the peak power of input Gaussian pulse and T 0 is related to the Gaussian pulse FWHM width by T 0 = T FWHM /1.665.
To numerically solve the coupled system (3)- (9), the collocation method [36] has been used by developing the unknown functions (i.e., A, N) as a linear combination of M orthogonal functions φ m (τ) through M weight functions c m (z), as (3)- (9) in z, τ domain becomes a system of ordinary differential matrix equations in z, which can be solved by a fourth-order RungeKutta algorithm. The overlap integrals have been carefully evaluated again through the full vectorial FEM.
In the following simulations, we have considered the Si-nc slot waveguide excited by a Gaussian optical pulse with T FWHM = 116 fs, and peak power selected to satisfy a specific condition,
An effective lifetime τ = 0.1 ns is assumed, which is supposed to be a conservative choice although one order of magnitude less than the effective recombination lifetime in standard SOI rib waveguides, τ eff = 1 ns. In fact, the introduction of nanometre defects in the silicon waveguide (nanocrystals) is expected to shorten the recombination time to a few of tens of picoseconds, while simultaneously increasing the light scattering, that is, the optical losses [37] [38] [39] . However, since the dispersion effects (GVD, TOD) take place in the subpicosecond regime (<1 ps) as well as FCA induced by the TPA produces negligible effects for short pulses, the effective recombination lifetime τ should play a secondary rule in the optical soliton generation. Finally, we have assumed α Si = 1 dB/cm and α Si-nc = 15 dB/cm as average values between those indicated in the literature [27, 28] . Other optical parameters are summarized in Table 2 for Si-nc slot structures, named as SLOT no. 1, SLOT no. 2, and SLOT no. 3.
It is worth to outline that the Si-nc slot structures used in our theoretical investigation are very similar to those proposed in some experimental works [27] [28] [29] . In particular, the same properties and fabrication procedure are assumed here. Thus, our structures could be fabricated starting from a SOI substrate and should include successive plasma-enhanced chemical-vapor deposition (PECVD) of a crystalline silicon layer, a Si : nc layer and an amorphous silicon layer on the top. Final result should be characterized by Si : nc with 0.08 silicon excess, for an annealing temperature of 800 • C [28] . Figure 9 shows that the space-time evolution of input Gaussian pulse can generate an optical soliton in structure SLOT no. 1.
In fact, as the pulse propagates along the Si-nc slot waveguide, it converts its shape into a hyperbolic-secant pulse, starting from the Gaussian profile. In particular, after a short propagation length, less than 1 mm, the optical pulse is affected by a temporal broadening and distortion, but, at around 1.2 mm, the pulse recovers and converts itself in a compressed hyperbolic-secant shape. This pattern results to be rigorously periodic. It is worth to remind that the waveguide SLOT no. 1 has been designed to have at the same time large negative β 2 and β 3 ≈ 0 according with Figures 5  and 6 . However, the presence of optical losses, TPA and FCA is expected to enable a stable soliton for lengths larger than 3 mm. Thus, the plot in Figure 9 clearly shows as it is possible the formation of an optical soliton inside a very short Si-nc slot waveguide (only 1.2 mm long). Figure 10 shows the soliton formation inside the three investigated Si-nc slot waveguides. For comparison, the optical soliton excited in the SOI rib waveguide proposed in [26] is sketched, too. The plot evidences how the input Gaussian pulse converts itself as an ultrafast soliton (FWHM width of about 60 fs) inside the Si-nc slot waveguide, having a typical sech-like profile after a propagation length depending on the specific structure. In fact, in case of SLOT no. 1 or SLOT no. 3, the soliton formation is achieved at z = 1.2 and 1.8 mm, that is, well shorter lengths than in rib SOI rib waveguide [26] , or in Si-nc slot waveguide named SLOT no. 2, where the optical soliton still appears at about z ∼ = 5 mm.
This means that thin Si-nc layers are required (W × G = 9000 nm 2 and W × G = 6000 nm 2 in SLOT no. 1 and SLOT no. 3, resp.) to maximize the complex effect interplay generating a soliton over very short guiding structure lengths, while larger Si-nc cross-sections (W × G = 10000 nm 2 in SLOT no. 2) are not convenient over standard rib structures without silicon nanocrystals. 
Conclusions
In this paper, we have theoretically demonstrated for the first time the formation of optical solitons inside Si-nc slot waveguides on SOI platform. Design guidelines of these structures are presented in order to reduce the device lengths for generating ultrafast solitons. Results prove that optimal waveguides can induce optical soliton formation over a propagation length 3 times less than in standard SOI rib waveguides. The potential of Si-nc slot waveguides in SOI technology is very significant, and it could represent a very promising technology for ultrafast nonlinear optical processing and fast telecommunications systems.
